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' Abstract 

I We prove existence and uniqueness of solutions, p S [1, 2], of reflected back- 



X 



ward stochastic differential equations with p-integrable data and generators satis- 
fying the monotonicity condition. We also show that the solution may be approx- 
imated by the penalization method. Our results are new even in the classical case 



c3 ; p = 2. 
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^ ' 1 Introduction 
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Nonlinear backward stochastic differential equations (BSDEs) were considered for the 
first time by Pardoux and Peng [12]. In the paper [6j by El Karoui et al. the so 
^ I called reflected BSDEs (RBSDEs) were introduced. By a solution of the RBSDE with 

CN ■ terminal value generator / : [0, T] x J] x M x R'^ ^ M and obstacle L = {Lt,t e [0, T]} 

we understand a triple {Y, Z, K) of {Ft) adapted processes such that 



' Yt = i + j^ f{s, y„ Z,) ds - Zs dWs + KT-Kt, [0, T], 

Yt>Lt, te[0,T], (1.1) 
K is nondecr easing, continuous, Ko = 0, jQ{Yt — Lt) dKt = 0, 

where W is a. standard d-dimensional Wiener process and {Ft) is the standard aug- 
mentation of the natural filtration generated by W . It is assumed here that ^ is Ft 
measurable and L is an {Ft) progressively measurable continuous process such that 
Lt < i a-s. Condition in (jl.ip 9 says that the first component Y of the solution is 
forced to stay above L. The role of K is to push Y upwards in order to keep it above 
L. We also require that K be minimal in the sense of (jl.ip q. i.e. K increases only when 
Y = L. Note that usual BSDEs may be considered as special case of RBSDEs with 
L = -oo (and K = 0). 

In [12] it is proved that if ^ G L^, /^^(/(s, 0, 0))^ G and / is Lipschitz 
continuous in both variables y, z then there exists a unique solution (y, Z) of BSDE 
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with data ^, / such that Y € 5^, Z € Ti^, i.e. Y is continuous and adapted, Z is 
progressively measurable, and Y^ € L^, (J^ \Zt\'^ dty^'^ G (here and later on we 
use the notation = sup^^^Xs, t £ [0,T]). In [6] existence and uniqueness of a 
solution (Y, Z, K) of (jl.ip such that y, X € 5^, Z £ T-L^ is proved under the additional 
assumption that = max(L,0) G 5^. 

The assumptions on the data in [6l [12] are sometimes too strong for applications 
(see, e.g., [HE] for applications in economics and finance and [21116] for applications to 
PDEs). Therefore many attempts have been made to weaken the integrability condi- 
tions imposed in [Gj |12j on ^ and / or weaken the assumption that / is Lipschitz continu- 
ous. For instance, Briand and Carmona [2] and Pardoux |13j consider square-integrable 
solutions (i.e. Y £ 5^, Z £ 'h?) of BSDEs with generators which are Lipschitz continu- 
ous with respect to z while with respect to y are continuous and satisfy the monotonicity 
condition and the general growth condition of the form |/(t, y, z)| < |/(t, 0, z)\ + ip{\y\). 
In [2] is a polynom, whereas in [13J an arbitrary positive continuous increasing func- 
tion. In El Karoui et. al. [7] conditions ensuring existence and uniqueness of 
solutions (i.e. Y^Z £ S^, Z £ W) for p > 1 of BSDEs with Lipschitz continuous gener- 
ator with respect to both y and z are given. The strongest results in this direction are 
given in Briand et al. [3], where solutions of BSDEs for p £ [1, 2] are considered. It 
is proved there that in case p £ (1,2] if 

i£ll, [ \f{s,0,0)\ds £LP, V,>o / sup |/(s,y,0)- /(s, 0,0)1 ds<+oo 
Jo Jo \y\<r 

and / is Lipschitz continuous in z and continuous and monotone in y then there exists 
a unique L^' solution. Similar result is proved for p = 1 in case / does not depend on z 
and in the general case under some additional assumption (assumption (115) in Section 
[5|). Finally, let us mention that many papers are devoted to BSDEs with quadratic 
growth generators in z (see, e.g., [9] and the references given there). 

In Matoussi [11] existence of square-integrable solutions of RBSDEs with continuous 
generators satisfying the linear growth condition is proved. Square-integrable solutions 
of RBSDEs under monotonicity and the general growth condition with respect to y 
were considered by Lepeltier et al. in ^lOj. In Hamadene and Popier |8j existence and 
uniqueness of solutions of RBSDEs is proved in case p £ (1,2) for ^ G L^', £ 
and generators which are Lipschitz continuous in y and z and satisfy the condition 

\f{s,0,0) \ ds £ LP. Similar result for generators satisfying the monotonicity con- 
dition and the linear growth condition with respect to y is proved in Aman pj. 
solutions of some generalized Markov type RBSDEs with random terminal time are 
considered in [16] . 

In the present paper we study U' solutions of RBSDEs of the form (jl.ip for p £ 
[1, 2]. Our main theorems on existence and uniqueness of solutions may be summarized 
by saying that if ^, / satisfy assumptions from [3] and the obstacle L satisfies the 
assumptions 

Lp*£l.P, [ \f{s,Lt'*,0)\ds£hP, 
Jo 

then there exists a unique LP solution of (jl.l|) . It is worth noting that as in [3j we do 
not assume that / satisfies the general growth condition in y. Therefore our results 
strengthen known results proved in [H [10] even in the classical case p = 2 (see Remark 
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4.4) and results proved in [H [8] in case p G (1;2). We also show that the solution 
(y, Z, K) to (jl.ip may be approximated by the penalization method if p € (1,2] and if 
p = 1 and / is independent of z. More precisely, if p G (1,2] then 

||y" -y||5P ^ 0, - ^ 0, IIA'" - ^ 0, (1.2) 

where (F", Z") is a solution of the BSDE 

Yr = i+ r f{s, YP, Z^) ds - r dWs + K^- i^r, t G [0, T] (1.3) 
Jt Jt 

with ^ 

Kj' = n I (Vp - Ls)~ ds, t G [0, T]. 
Jo 

This generalizes and at the same time strengthens corresponding result proved in [TO] 
in case p = 2. In case p = 1 we show that (jl.2p holds in the spaces 5^, with 
/3g(0,1). 

The paper is organized as follows. Section 2 contains basic notation and definitions. 
A useful a priori estimate for stopped solutions of RBSDEs is also given. In Section 3 
we prove main estimates in case p G (I, 2]. In Section 4 we apply the above mentioned 
estimates to prove convergence of penalization scheme in case p G (1,2]. Section 5 is 
devoted to the case where p = 1. For generator / not depending on z we give some a 
priori estimates similar to those proved in case p > 1 and we show convergence of the 
penalization scheme. In the general case, following [3j Section 6] we prove existence and 
uniqueness of solutions of (II. ip under some additional assumption on /. In this case 
the solution is a limit of solutions of appropriately chosen RBSDEs with generators not 
depending on z. 



2 Notation and preliminary estimates 

Let {Q,T,P) be a complete probability space. L*', p > 0, is the space of random 
variables X such that \\X\\p = E{\X\p)^^^^p < +oo. X^ = sup,<i t G [0,r]. SP 
denotes the set of adapted and continuous processes X such that [j^Usp = H-^'pllp < 
+00. Let W he a standard d-dimensional Wiener process on {Q,T,P) and let {Tt) 
be the standard augmentation of the natural filtration generated by W. W denotes 
the set of progressively measurable d-dimensional processes X such that ||-^|!-hp = 
IK/q |X^|2(is)^/2||^ < It is known that SP and W are Banach spaces for 

p > 1. lip <1 then L^, SP and T-[P are complete metric spaces with metrics defined by 
II • lip, II • ll^p and II • ||-^p , respectively. 

We will assume that we are given an Tt measurable random variable ^, a generator 
/ : [0, T] X J7 X M X ^ M measurable with respect to Prog ® ^(M) B{W^), where 
Prog denotes the cr-field of progressive subsets of [0, T] x Vt and a barrier L, which is 
an {Ft) adapted continuous process. We will always assume that ^ > Lt- We will need 
the following assumptions on /. 

(HI) There is A > such that \ f{t,y,z) - f{t,y,z')\ < X\z - z'\ for t G [0,r], y G M, 
z, z' G M^, 

(H2) There is /x G M such that {y - y'){f{t, y, z) - f{t, y', z)) < /x(y - y'f for t G [0, T], 
y,y' eR, z£ M<^. 
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In (HI), (H2) and in the sequel we understand that the inequahties hold true P-a.s.. 

Proposition 2.1 Assume that f satisfies (HI), (H2) and let {Y,Z,K) be a solution 
of Then for every p > there exists C > depending only on p and fJ-,X,T such 

that for every stopping time r such that t <T, 

EiiJ^ \Zsfdsy/^ + KP) < Ce{{Y:Y + {Lp*Y + ij^ \f{s,Lt'\0)\dsy). (2.1) 

Proof. Let a G M and let Yt = e^^Yt, Zt = e'^^Zu Kt = J^e'^'dRs and | = e'^^C, 
fit, y, z) = e^'^fit, e-"*y, 6""*^) - ay. Observe that (Y, Z, K) solves the RBSDE 

yt = i+ [ Rs, Ys, Zs) ds- I Zs dWs + KT-Kt, te [0, T] 
Jt Jt 

with the reflecting barrier Lf = e'^^Lf, and that there exist constants Ci,C2 > de- 
pending only on p, a, T such that 



(/ \f{s,Lt'*Mdsr + {Lp*r<ci{{ \f{s,Lt'*Mdsr + iLp*r) 

Jo Jo 

<c2{{r\f{s,Lt'*Mdsr + iLpr)- 

Jo 

It follows that ()2.ip is satisfied if and only if it is satisfied for the solution (Y, Z, K) 
and the data ^,f,L (with some constant C depending also on a). Therefore choosing 
a appropriately we may assume that (H2) is satisfied with arbitrary but fixed £ 
R. In the rest of the proof we will assume that fi = 0. Moreover, without loss of 
generality we may and will assume that Y*, Lt'*, /J" \f{s,Lt'*,0)\ds G L^. Set r„ = 
inf{t; Jq > n} A r, n € N. Obviously P(r„ = r) 1. By Ito's formula applied 

to the continuous semimartingale Y — L^'*, for n € N we have 

{Yo-Lp*f+ r \Zs\^ds = {Yr„-Ltff + 2 r{Ys-Ltnf{s,Ys,Zs)ds 
Jo Jo 

f-Tn t-Tn 

-2 {Ys- Lt'*)Zs dWs + 2 [Ys - Lt'*)(.dKs + dLp*)- 
Jo Jo 

Since K is increasing only on the set {s : Ys = Ls}, 
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By the above and (HI), (H2), 

/ \Zs\^ds<{Y^^-Lt;*f + 2 / |n-L+'*||/(s,L+'*,0)|ds 
Jo Jo 

t-Tn f-Tn 

+ 2X \Ys-Lt'*\\Zs\ds + 2\ (Ys-Lp*)ZsdWs\ 
Jo Jo 

+ 2snp\Yt-Li'*\L±'* 



t<T„ 



<snp{Yt-Li'*f + 2 sup \Yt-Lt'*\ / \f{s,Lt'*,0)\ds 

t<Tn t<T„ Jo 







+ 2\ / {Ys - LtnZs dWs\ + sup{Yt - + 

Jo t<T„ 

[•Tn 

< (3 + 2X^T) sup {Y - Lp*f + ( / 1/(5, 0) | dsf 

t<T„ Jo 

+ i r"|Z,|2ds + (L+'*)2 + 2| r{Ys-LtnZsdWs\. 
^ Jo Jo 

Hence there is C" > such that 

/ \Z,\Us<C'{{Y:f + {Lp*f + { \f{s,Lt'*,0)\dsf + \ {Ys-LtnZsdWs\), 
Jo Jo Jo 

which imphes that for some C'p > 0, 

( [z.pdsf /2 < c;((F;f + (L+'*)p 

+ (^" 1/(5, 0) I dsf + 1 (y, - L+'*)z, diy, . 

By the Burkholder-Davis -Gundy inequahty, 

E\ r{Ys-LtnZsdWs\P/^ < Cj,E{ r{Y,-Lt'*f\Zs?dsY'^ 
Jo Jo 

< c'pE{{Y:r + (Lpr) + \e{£ dsf/'. 

Putting together the last two estimates we see that there is C > such that 

E{{£ iZsl'dsf/^) < CE(^{Y:r + {LpT + ij^ \f{s,Lt'*,0)\dsr) 
for all n E N. Letting n — )• oo and using Fatou's lemma we conclude that 

Eiij^^ dsf /2) < CE(^{Y:r + {Lp*r + {f^ Lt'\ 0)| dsf) . (2.3) 
In order to get estimates on K we first observe that by 

Kt = Yo-Yt- f f{s, Ys, Zs) ds + f Zs dWs, t e [0, T\. 
Jo Jo 
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Hence dKg = —dYg — f{s, Ys, Z^) ds + Zs dWs- From this, (HI) and the fact that K is 
increasing only on the set {s : = i^} it follows that 



ds 



+ / Zsl^y^^Lf.ydWs 







+ XT^/\J^ \Zs\^dsf/^ + Zsl^y^^L+,*^dWs. (2.4) 

By the classical Ito-Tanaka formula applied to the function g{x) = {x)^ = max(— a;,0) 
and the continuous semimartingale Y — 

l{y.<L+-} dYs = -(^0 - 4'*)" + (Yr - Lp*)- 

hy.<Ltn'^Lt'*-\Ll{Y-L^n 



<y; + l+'*, 

where L^(Y — L+'*) denotes the usual local time of y — L"*"'* at 0. On the other hand, 
by (H2), 

-fis,Ys,0)l^y^^^p*y < -/(s,L+'*,0)l^^^<^+„j < I/(s,L+'*,0)|. 
From the above we deduce that there is Cp > such that 

EiKrT < C,e{{Y:Y + {Lp*Y + {f^ \f{s,Lt'*MdsY 
+ (^" \Zs\^ dsf/^ + I Z,l|y^<^+,.| dWs\^) . 
Combining this with (j2.3p and using the Burkholder-Davis-Gundy we get (|2.1|) . □ 
3 Main estimates in the case p > 1 

Let (7 : M — > M be a difference of two convex functions and let X be a continuous 
semimartingale. We will use the following form of the Ito-Tanaka formula 

g{Xt) = g{Xo) + f \{g'_+g'^){Xs)dXs + \ f L'i{X)g"{da) (3.1) 

(see [15', Exercise VI. 1.25]). Here L°'{X) denotes the symmetric local time of X at 
a G M and g"{da) is a measure determined by the second derivative of g in the sense of 
distributions. Note that L^{X) is a unique increasing process such that 

\Xt -a\ = \Xo-a\+ [ sgn{Xs - a)dXs + L^{X), (3.2) 
Jo 
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where sgn(x) is equal 1 if x > 0, — 1 if x < and if x = (see [151 Exercise VI. 1.25]). 
One can observe that Z"(X) = + L""(X))/2, where L"(X) denotes the usual 

local time of X at a. If g" is absolutely continuous, i.e. if g"{da) = g"{a)da, then by 
the occupation times formula, f^Lf{X)g" {da) = Jq g"{Xs)d[X]s. In this section we 
will apply (13. ip to functions of the form g{x) = |xp or g{x) = ((x)"*")^. If p > 1 then in 
both cases the second derivative of g is absolutely continuous. Therefore if p > 1 then 
the backward Ito-Tanaka formula has the form 

g{Xt) + ^ 9"iXs) d[Xl = giXr) - \{g'_ + g'+){Xs) dX.,. (3.3) 

We can now prove basic a priori estimate and comparison result for U solutions of 

Proposition 3.1 Assume that f satisfies (HI), (H2) and let {Y,Z,K) be a solution 
of (CUP such that Y G for some p > 1. There exists C > depending only on p and 
fi, A, T such that 

E{Y^Y <Ce(\^\p + {Lpy + \fis, 0) I dsf) . 

Proof. We follow the proof of [3, Proposition 3.2]. The reasoning used at the beginning 
of the proof of Proposition 12.11 shows that we may assume that /u = —^/{p — 1) and 
L+'*,/o^|/(s,L+'*,0)|ds GLP. By 

\Yt - Lt^ + [ \Ys - Lrr\y^^,tn\^s? ds 

= \i- Lpy + pj^ \Ys - L+'*|P-i sgn(n - L+-*)/(s, F,, Z,) ds 

+ pj \Y,-Lp*r^sgn{Ys-LtnidKs + dLtn 

fT 

-pj^ \Ys - Lp*\P-^ sgn(n - Lt'*)Zs dWs. 

By (H2) and the fact that K is increasing only on the set {s : 1"^ = Lg}, 

sgn{Ys-Lt'*)fis,Ys,Zs) < \f{s, Lp* ,0)\ + fi\Y, - Lt'*\ + X\Zs\ 

and 

sgn(n - Ltn dKs < 0. 

Hence 

< le - 4'*r +pf \Ys - Lpr-H\fis, Lt^\ o)\ds + ditn 

+ Pfi \Ys- Lt'*\Pds + pX \Ys- Lt'*\''-^\Zs\ds 
Jt Jt 

-pj^ \Ys - L+'*ri sgn(y, - L-tnZs dWs. 
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Since 

for s G [0,T], we have 

\Yt - Li'*\f + ^^^^ £ \Ys - Lpr-\Y,^Ltn^Z,\' ds<X- Mt, (3.4) 



where 



and 



X = le - Lp*\P+p r % - L+'*ri(|/(s,L+'*,0)| ds + dip 
Jo 



Mt= [ \Ys - Lt'*r^sgn{Ys - Lp*)Zs dWs, t G [0,T]. 

JO 

Since y G 5^ and, by Proposition 12.21 Z G T-f^, applying Young's inequahty we obtain 

EX < E\i - L+'*|P + E(sup \Yt - Lp*\P-^{ r \f{s, Lf'*,0)\ ds + Lp*) 

t<T Jo 

< E\i - L+'*|P + ^^Ssup \Yt - L+'Y 

P t<T 

np-l l-T 

+ E{ / \f{s,Lp*,0)\dsr + {Lpy) < +00 

P Jo 

and 

E{[M]]('')<E{sup\Yt-Li'*r\r \Zs\^ds)'/^) 

t<T Jo 

< (:P-1)^^ ^ Ei{Yf)P + (Lpy) + -E{ r \Zs\^ dsy/^ < +00. 
P P Jo 

In particular, M is a uniformly integrable martingale and hence, by (j3.4p . 

P^P^eJ^^ \Ys - LP*r\Y^^Ltn\^s\'ds < EX. (3.5) 
From (13. 4p . (13. Sp . the Burholder-Davis-Gundy inequality and the definition of M it 



follows that there is Cp such that 



£;sup \Yt - Lp*\P <EX + CpE[M]y^ 

EX + CpE{sup \Yt - Lp*\P r \Y, - Lp*r\l.y,^+,,.\Zs\^ds)'/^ 

t<T Jo 1 s J- 



t<T 
< 



2 T 

< EX + ]-E sup \Yt-Lt'*\P + ^E [ |y,-L+'*r2l JZ.pds 

2 2 Jo \ =^ s s 

< (1 + -j^pEX + ii^sup \Y, - Lpr- 

P{P - 1) 2 



By the above, the definition of X and Young's inequahty, 



Esviv\Yt- Lp*Y' <c' EX 



Hence 



< c'piE\^ - + PE r \Ys - Lp*r\\fis, Lp*M ds + dip*) 

Jo 

< c'^E\i - L^'y+pc'^EsM^ \Yt - Li'*r\ [ \f{s, Lt'*,0)\ds + 4'*) 

t<T Jo 

< l-Esnp \Yt - Li'*\P + c';{E\^ - Lp*\P + Ei f 0)| + L+'*f ). 

^ t<T Jo 

Esnp \Yt - L+'T < 2c;{E\^ - Lp*\P + ( T \f{s, L+'*, 0)\ds + Lpy), 

t<T Jo 
from which the required estimate for Y^ follows. □ 

Proposition 3.2 Let (Y, Z,K) be a solution of U.l]) with f satisfying (HI), (H2) and 
let (y , Z', K') he a solution of ([Op with data i' , f, L' such that ^ < ^' , f {t, Y/ , Z[) < 
f'{t,Yl,Z[) and Lt < L'^, t e [0,T]. If Y,Y' G S'P for some p > 1 then Yt < Y/ , 
t G [0,T]. 

Proof. Assume that /i = -\^/{p - 1). Then by (HI), (H2), 

((y, - yi)+r y„ z,) - f{s, y;, z;)) 

< - Y:)+r + A((y. - no+r^iz, - z^i 

p — 1 



for s G [0,T]. Hence, by (1331) 



m - Yiry + ((y. - yi)+r^i{n>y;}|z, - z^p 

= {{i - err + [m - y.O+r ^sgnin - y;)(/(., y„ z,) - f{s, y;, z^)) ds 

+pfm - yi)+r'sgn(y, - Y,:)idKs - dK) 

- P j\{Ys - yi)+r ^sgn(y - yi)(z, - z^) dvr. 



i2 /-T 



<((c-0+r-^ / ((y.-y;)+rds 



+ p\j\{Ys - nO+r^lZ, - Z'^\ds-pj\{Y, - Y^rf-\Zs - ZO dt^. 

Since 

pA((y,-yi)+ri|z,-z^| 

< f^^m - Y:)^r + ^^((n - Y:rr-\y^^y,y\Zs - z'f, 
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it follows that 




'^{Ys>Y^}\Zs - Z'^\^ ds 



(3.6) 



Finally, as in the proof of Proposition 13.11 one can check that M defined by 



Mt 



Jo 



{Zs-z',)dWs, te[o,T] 



is a uniformly integrable martingale. Therefore from (13. 6p it follows that E{{Yt — 



By repeating arguments from the proof of Proposition 13.21 one can obtain the fol- 
lowing version of the comparison theorem for nonreflected BSDEs. 

Corollary 3.3 Let {Y,Z) be a solution of nonreflected (i.e., where L = — oo and 

K = 0) with f satisfying (HI), (H2) and let {Y',Z') be a solution of nonreflected 
with data i', f, such that ^ < and f{t, y/, Z'^) < f{t, y/, Z^), t € [0, T]. IfY, Y' G 
for some p>0 then Yt < y/, t £ [0, T]. 

Note that Corollary 13.31 generalizes the comparison result proved in [13] for square- 
integrable solutions of nonreflected BSDEs. 

4 Existence and uniqueness of solutions in the case p > 1 

We begin with a general uniqueness result. 

Proposition 4.1 /// satisfies (HI), (H2) then there is at most one solution (Y,Z,K) 
of (CUP such that y € 5^ for some p > 1. 

Proof. Follows from Proposition [3i2j □ 

The problem of existence of solutions is more delicate. In the present section we 
will assume additionally that 



(H3) (a) ^lel^ < +00, 

(b) For every t G [0, T] and z G M*^, y i-7> f{t, y, z) is continuous, 

(c) E{j^\f{sM\dsY <+c^, 

(d) for every r > 0, /g^sup|j^|<^ |/(s,7/,0) - /(s,0,0)[(is < +oo, 

(H4) (a) E{Lpy < +00, 

(b) E{g\f{s,Lt'*,0)\dsr <+oo. 

From Theorem 4.2 and Remark 4.3 in [3] one can deduce that under (H1)-(H3), 
(H4a) for every n G N there exists a unique solution y" G S^, Z" G Ti^ of the BSDE 



y/)+)p = o, tG[o,r]. 



□ 
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Proposition 4.2 Let f satisfy (HI), (H2) and let n£N, be a solution 

of il.3\} . Then for every p > there exists C > depending only on p and fJ,,X,T such 
that for every stopping time t <T and n € N, 

Eiij^^ \Z^\^ dsY'^ + {K'^Y) < CE{{YrY + {Lp*Y + {f^ \f{s, Lt'*,0)\dsY) • 

Proof. The proof is similar to that of Proposition 12.11 Set Y^"- = e'^^Y^, Zf^ = e"*Zf 
and ^ = e^^L^, ^ = e"^C, f{t,y,z) = e"^ fit^e-^^y^e-"* z) - ay. Then (y",Z") solves 
the BSDE 

Yr = r f{s, Z\ Z^) ds - r dWs + K^- K^, t € [0, T] 
Jt Jt 

with the penalization term 

K"^ = f e'^'dK'^ = n fiYj' - L,)" ds t € [0, T]. 
Jo Jo 

Therefore without loss of generality we may assume that fi = 0. Since is increasing 
only on the set {s : Y^ < Lg}, 

[\y: - Ltn dx: < [\ys - Ltnhy^yL+n = ^ 

Jo JO I s s , 



and 



= l|yn<i+,*} dK^ < y,"'* + Lp* + 1^ \fis,Lt^\0)\ds 

To get the desired estimate it suffices now to repeat step by step arguments from the 
proof of Proposition [27n the only difference being in using the above estimates involving 
if" instead of D, (1231). □ 



Proposition 4.3 Let assumptions (H1)-(H4) hold and let {Y^,Z^,K'^) he a solution 
of \1.3\) . Then for every p > 1 there exists C > depending only on p and n,X,T such 
that for every n G N, 

rT 

E{iY^'y + ( / l^rP dsY^^ + (KJ^Y) 
Jo 

< Ce(^\C\p + (Lpy + i£ \fis, Lp*,0)\dsY 



Proof. Since 

rT 



p 



\Y^ - Lty-hgn{Y^ - LtndK 

<p[ in" - ^M^''l{yn>L+.*}l{n"<L4 dK^ = 0, 
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applying the Ito-Tanaka formula to the function g{x) = and the semimartingale 
yn _ 1^+,* gg^j^ estimate E{Y^'*Y in much the same way as in Proposition 13.11 (by 
the results from p] we know that € 5^, n G N). Therefore the desired result follows 
from Proposition 14.21 with t = T. □ 

Theorem 4.4 Assume that (H1)-(H4) are satisfied. If (y",^",/^"), n G N, is a 
solution of BSDE \1.3\) . then 

||y"-y|[5P ^0, - ^ 0, - kh^p ^ o, 

where {Y, Z, K) is a unique solution of the reflected BSDE U.l\) such that Y £ , 
Z eW andK e SP. 

Proof. Without loss of generality we may assume that fi = 0. Let (F", Z", iT") be a 
solution of ([L3]). By Corollary [331 < n eN. Therefore for every t G [0,r] 

there exists Yt such that Y^ Yj. The rest of the proof is divided into 3 steps. 

Step 1. We show that y is a cadlag process. To see this let us first note that for every 
t G [0, r] there exists Vt such that 

< y," = sup(y," - Y}) Vt. 

s<t 

By Fatou's lemma, Yt, Vt are finite. Indeed, \Yt\ <Vt + y/'*, t G [0, T], and by Propo- 
sition 14. 3^ 

E{Vt) < liminfS(y^) < 2sup^(y"'*) < 2sup ||y"'*|L < oo. 

n-s>oo „ „ 

Therefore 1^ is a progressively measurable nondecreasing process. Since the filtration 
i^t)t>o is right-continuous, setting 

Vt = inf Vt>, t G [0, T) and V^ = Vt 

we get a progressively measurable cadlag process V' . Obviously Vt < Vt, so y^"'* < 
y/ + y/'*, t G [0, T], n G N . For A; G N set now 

rfc = inf{t;min(y/ + y/'*,L+'*, [' \f{s, Lp* ,0)\ds) > k} AT. (4.1) 

Jo 

Clearly < t^+i, A; G N, and -P(rfc = T) 1. Since y" is a continuous process, 

Y,Y = Y,l'*_ < y;„ + y,^'* < max(A;, c), A: G N, 

where c = sup„(yQ"')"^ with the convention that YqJ_* = Yq'*, Vq_ = Vq (c is a nonneg- 
ative constant because yj*, n G N, are deterministic and by Proposition 14.31 \Yq^\ < 
CE{\^\P + {Lp*f + {f^ \f{s,Lt'*,0)\ds)P) for n G N). Moreover, L+'* < max(A:,c) 
and J^'' \ f{s, L^'*, 0)1 ds < k. Putting p = p' > 2 and r = in Proposition 14.21 we get 

sup^(( \Z2\^ ds)P'l'^ + {Kj') < 3C max(A;, c)p' < +oo, (4.2) 

n Jo 
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and consequently, 

sup^l / f{s,Yj',Z2)ds\P' < +00. (4.3) 

n Jo 

Since / is Lipschitz continuous with respect to z, 

f f{s,Y,^,Z2)ds= fKds+ f f{s,Y,^,0)ds, te[0,T], 
Jo Jo Jo 

where h"^ = {f{s, YJ", Z^) - f{s, YJ", 0))l{|^n|>o} = C^\Z2\ and C" is a one-dimensional 
progressively measurable process bounded by A. By (j4.2p . sup„ S(/J^'° (/i")^ (is)^ < 
+00. Since the sequences {l{.<^j,}/i"'}„gN , {l{ <Tfc}'^"}neN are bounded in Ti'^, there 
exist a subsequence (n') C (n), a one-dimensional progressively measurable process h 
and a d-dimensional progressively measurable process Z such that l|.<^^|/i" — > h and 
1{.<T-^}Z" ^ Z weakly in 7^^, i.e. for any one-dimensional h' € 7^^, 



E / l^,<^^}h'^'h'^ds ^ E / 



(4.4) 



and for any d-dimensional process Z' € 7^^, 



E 

'0 



/" l|,<,,|Zfz^ds^^ /" Z.Z^ds, (4.5) 

JO JO 

From (j4.5p and (j4.4p it follows that /i, Z are equal to on the set {s > r^}. Moreover, 
for every stopping time cr < ti^, 

[ /i^' ds^ [ hs ds, [ Z^' dWs ^ I Zs dWs (4.6) 

JO JO JO JO 

weakly in t?. Indeed, in order to prove the first convergence in (j4.6p let us first observe 



that replacing h' by l|s<o-}/i' in ()4.4p shows that for every h' G 'h?, 

E l{s<a}K'Kds ^ E l^s<a}hsh'sds. 
Jo Jo 

Let Y £ L^. Then h' = E{Y\T.) £ U'^ since E \E{Y\Fs)?ds < TEY^ < +00. 
Hence, by (j4.4p and Fubini's theorem, 

E{Y r l{s<a}K' ds) = E{ r yi{,<,}/i^' ds = r EiYl^^^^^h^^') ds 
Jo Jo Jo 

= [ EiE{Y\:F,)l{,^^}h^')ds 
Jo 

^[ E{E{Y\Ts)l{s<a}hs)ds = E{Y [ /i, ds), 

JO JO 

which means that /i"' ds — >■ Jq hg ds weakly in . By the representation theorem, 
Y = Z'g dWs for some d-dimensional process Z' € 7^^. Hence, by (|4.5p . 

E{Y r zf dWs) = r i{s<a}Zfz', ds ^ r \,<,^z,z', ds = e{y r z, dw,), 

Jo Jo Jo Jo 
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which proves the second convergence in ()4.6p . By (H3b)-(H3d) and the Lebesgue 
dominated convergence theorem, for every stopping time a < Tk, f{s,Yp,0) ds — > 
Jq f{s,Ys,0) ds P-a.s., and by (14. 2[) and (j4.3p . the last convergence holds in L^, too. 
Since Y^j in \? as well, for every stopping time o" < r^, 

Y„ = Yo- I fis,Ys,0)ds- [ hsds+ [ ZsdWs-K^, (4.7) 
Jo Jo Jo 

where is a weak limit in of {K^}. From the proof of the monotone limit theorem 
for BSDE (see Peng [14' Lemma 2.2]) it follows that Y is cadlag and K is nondecreasing 
cadlag on the stochastic interval [0,rfc]. Since P(rfc = T) 1, it follows that P-almost 
all trajectories of Y are cadlag on the whole interval [0,r]. 

Step 2. We show that Yt > Lt, t (£ [0,T] and (F" - L)^'* P-a.s. By (H3a), (H4) 
and Proposition there is C > such that £^(/(f (Y^" - Ls)~(is)P < C/n^. Hence, by 
Fatou's lemma, 

E [ {Ys- LsY ds < liminf E / {Y,^ - L,)~ ds = 0, 
Jo Jo 



which implies that J^iYs — Lg) ds = 0. Since y — L is a cadlag process, {Yt — Lt) = 
for t € [0,T) and hence Yt > Lt for t G [0,T). Moreover, Yt = Y,p = ^ > Lt- Hence 
(y^" - Lt)- \ for t G [0,r] and by Dini's theorem, (y" - L)~'* P-a.s. 

Step 3. We show that {(y", Z", K''')}nen converges in SPxH^x Sp to {Y, Z, K), where 
(y, Z, K) is a unique solution of (II. Ij) . Let {r/j} be a sequence of stopping times defined 
in Step 1. By Ito's formula, (HI) and (H2) with /i = 0, 

(y" -y™ )2+ r |z,"-zrpd. 



^yn _ yrnj ^ ^ f ^yn _ y-)(/(,, , Z^) - f{s, Y^ , Z^)) ds 



+ 2 r (y," - YDidK - dK^) - 2 r (y," - yr)(^r - zt) dWs 

JtATk JtATk 

< {y:^ - y™)2 + 2A r in" - yr ll^r - zr\ds 

JtATk 

+ 2(y" - l)-*k;^ + 2(y- - l)-'*k;; - 2 (y," - y^z^ - zf) dWs 



< (y;^ - y-)2 + 2X' T (y," - Y^fds + 2(y" - L)-*i^™ + 2(r'" - L)-*i^': 
+ i |zr - zrp - 2 r {Y^ - YDiz^ - ZD dWs. 



Hence 

E r \Zl^ - Z;"|2 ds < 2E{Y;1 - Y^^f + 4X^E PiY^ - Y]^'f ds 
Jo ^ Jo 

+ 4P(y" - P)-*K™ + 4i?(y™ - L)~;*Kl. 
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By Fubini's theorem, 

E r\Yr-Yrfds= r E{Yri{,^,^}-Yri{s<r,}?ds, 
Jo Jo 

which converges to as m, n — )• oo. By Step 2 and (I4.2|) . 

- L)-'*i^- < ||(y"-L)-*||2||K;^||2 < -l)-*||2sup||k-||2, 

m 

which converges to as n — )• oo. Similarly, E(Y"^ — L)r^*K'!^^ ^ as m ^ oo. 
Since E{Y^^ — YJ^)'^ — > as m, n — > oo, it is clear that {l|5<^^}.Z"}„gN is a Cauchy 
sequence in V.^. Let Z^^'^ denote its limit. By using standard arguments based on the 
Burkholder-Davis-Gundy inequality one can show that in fact E supj<^^ jy^""— l^^p — > 
as n, m — >■ oo, which implies that supj<^^ \Y^ — Yt \ (here — ^ stands for the 

convergence in probability P). Since P{Tk = T) 1, 



sup\Yr-Yt\—>0, (4.8) 

t<T P 

and consequently, Y has continuous trajectories. Similarly, if we set tq = 0, Zt = z'f'\ 
t G (Tfc_i, Tfc], k G N and Zq = 0, then 



I 

Jo 



\Z^-Zs\^ds — ^0. (4.9) 



To see this let us fix e > 0. By Chebyshev's inequality, for each A; G N, 

P{ r \Z2 - Zs\^ ds>e)< P{ r \Z^ -Zs\^ds>e,T = n) + P{T > 
Jo Jo 

< e-'^E [ ' \Z2 - Zf\^ ds + P{T > Tk). 
Jo 

Since we know that l{s<^^}(Z^ - zf'^) ^> in V?, it follows that 
limsupP( / - Zs\^ ds>e)< P{T > Tk), 

n— >-oo JO 

which proves (|49l) since P{T > Tk) \ 0. By (H3c) and (H3d), \f{s,Y,^ , Z^)\ < 
gk{s) + A|Z"|, s < Tk, where gk is an integrable function. Hence, by (H3b) and (j4.9p . 

/ fis, y,", Z^) ds — > / fis, Ys, Zs) ds 
Jo P Jo 

for every A; € N. Letting k ^ oo shows that we can omit in the upper limit of 
integration. Prom the above we deduce that 

Kt = YQ-Yt- f f{s, Ys, Zs) ds + /* Zs dWs, t G [0, T], 
P Jo Jo 

where K \s a, continuous nondecreasing process such that Kq = 0. It is clear that in 
fact, 

sup|i^f ^0. (4.10) 

t<T P 
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By the above and gSD, > /o^(y" - Lt)dK^^p J^{Yt - Lt)dKt, which when 
combined with Step 2 imphes that J^iYt — Lt)dKt = 0. Putting together the facts 
mentioned above we deduce that (y, Z, K) is a solution of the reflected BSDE (jl.ip . 

In order to complete the proof we have to show that {Y"^ , Z"^ , K'^) converges to 
(y, Z, K) in SPxH^xSP. To see this let us first observe that by (HTSD- ffCTl . Proposition 
14.31 and Fatou's lemma, {Y, Z, K) ^ xVP x S^, which together with Proposition 14.11 
implies that (Y, Z,K) is a unique solution of (jl.ip in x T-L'p x S^. Since 

sup sup \ Yp\ < sup \ Ys \ + sup \ Yg\, 

n t<T t<T t<T 

applying the Lebesgue dominated convergence theorem shows that \\Y" — Y\\sp ^ 0. 
Now, we are going to estimate — Z m the norm of H^. By Ito's formula, 

r \Z^ - Zs\' ds = {Y^ - Yof + 2 f{Y: - Y){f{s, n", ZD - f{s, Y, Z^)) ds 
Jo Jo 

+ 2 / {YP - Ys){dK2 - dKs) - 2 I {Y^ - Ys){Z^ - Z,) dW^. 
Jo Jo 

Hence, by (HI) and (H2) with /i = 0, 

,-T i-T 

/ \Z'^ - Zs\^ ds < 2{Yf^ - Yof + AX^E / {Y,'' - Y^f ds 
Jo Jo 

+ 4(y" - l)-'*Kt + 4 / (y- - n)(z," - Zs) dw^. 

Jo 

By Step 2, (F" - L)^'* < (F" - y)^ + {Y - L)^'* = (y" - y)^. Hence 

( r \z2 - z,|2 dsyp^^ < c((y" - yYtY + 2((y" - yYtKtT/^ 

Jo 

+ 2\ [ (y- - y,)(z," - Zs) dWs\p^\ 

Jo 

Using the Burkholder-Davis-Gundy inequality we deduce from the above that 

Ei r \Z2 - Zs\^dsY/^ < C\E{Y^ - YYtY + ||(y" - YYtWpWKtWp) ^ 0. 
Jo 

On the other hand, there is C > depending only on A and T such that 

II / (/(s,y",Z;)-/(s,y„Z,)a!s||5P 
Jo 

< II / (/(s,y",z,)-/(s,y„z,)(is||5P + c||z"-z||^p. 

Jo 

By monotonicity of the mapping y i— > /(s, y, z), 

sup sup I f f{s, y", Z,) - f{s, Ys, Zs) ds\ < U, 

n t<T Jo 
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where U = supj<2- 1 J^ifis, Yg, Zg) ds\ + supi^x | /g (/(s, Yg,Zs) ds\ E L^. Hence, by the 
Lebesgue dominated convergence theorem, 

II / {fis,Y'',Zs)-f{s,Ys,Zs)ds\\sP^O. 
Jo 

FinaUy, putting together ah the above convergences it is clear that \\K"' — K\\sp 
and the proof of Theorem 14.41 is complete. □ 

Remark 4.5 Let us remark that if / satisfies (H3c) and the general increasing growth 
condition considered in [inillS], i.e. 

|/(t,y, 0)1 < |/(t, 0,0)1 +(^(|y|), iG[0,r],yGM, (4.11) 

where ip : — t- R"*" is a deterministic continuous increasing function, and if ip{L^'*) 
G then condition (H4b) is satisfied. Moreover, if we assume (H3c) and that (j4.1ip 
holds true for some measurable : M+ ^ M+ such that (p{Lt'*) ds eW, then (H4b) 
is satisfied and the conclusion of Theorem 14.41 is still in force. Therefore Theorem 14.41 
generalizes and strengthens the corresponding results of [lOj proved under condition 
(14. lip in case p = 2 only. 

Corollary 4.6 Under the assumptions of Proposition \3.2\ if moreover L = L' and 
^,f,L and ^' , f , L satisfy (H3) and (H4), dK^ > dK'^. 

Proof. By Proposition 13.21 

- Kl = n t {Y^ -Ls)-ds>n r (y/" - L,)- ds = K'^ - K^^ 
Jti Jti 

for every n € N and < ti < t2 < Since ||iv:" - K\\sp and ||K'" - K'\\sp 
by Theorem 1131 it follows that Kt^ - Kt^ > - for every < ti < t2 < T, which 
proves the desired result. □ 

Remark 4.7 Of course (H2) is satisfied if / is Lipschitz continuous with respect to y, 
i.e. when 

\f{t,y,z)- f{t,y',z)\<C\y-y'\, t G [0, T], y, y' G M, z e M'^ (4.12) 

for some C > 0. Moreover, ()4.12p together with (H3c), (H4a) imply (H4b). Therefore 
conclusions of Theorem l4.4l and Corollarv l4.6l hold true if (HI). (H3a), (H3c), (H4a) and 
(j4.12p are satisfied. Thus, Theorem 14. 41 and Corollarv 14.61 strengthen the corresponding 
stability and comparison results for (|l.ip proved in [8J, where (|4.12p is assumed. 

5 solut ions of reflected BSDEs 

Throughout this section we will assume that p = 1 in conditions (H3), (H4). 

Let us recall that a process X belongs to the class V if the family of random variables 
{Xcr; (T stopping time, a < T} is uniformly integrable. In [5^, page 90] it is observed that 
the space of continuous (cadlag) , adapted processes from V is complete under the norm 
||X||d = sup{i?|Xo- 1 ; cr stopping time, a < T}. 

First we consider the case where / does not depend on z. 
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Proposition 5.1 Assume that f satisfies (H2) and does not depend on z, and let 
(Y, Z, K) he a solution of such that Y ^ D. 

(i) There exists C > depending only on /x, T such that 

\\Y\\v<CE{\C\+Lp*+ r \f{s,Ltn\ds). 

Jo 

(ii) For every (3 G (0,1) there exists C > depending only on 13, fi,T such that 

E{{Y^Y + ( r \Zs? dsfl-" + K^^) < C{E{\^\ + Lp* + r \f{s, (i.))^ 
Jo Jo 

Proof. We may and will assume that fi = 0. Let t„ = inf{t; \Zs\'^ds > n} AT, 
n G N. By 



KArr. - + Ll^rjy - = \yrr. - Lt:*\ + r sgn(F, - L+'*)/(s,y,) ds 

J atYT-n 

+ / sgn(y, - LtnidKs + dLtn - / sgn(n - L+'*)Z, dW,. (5.1) 

J aATn J aATn 



Since 



/ sgn(y, - LtnidKs + dLtn < Ltf - L^^ 

J o-At„ 



and, by (H2), 



/ sgn{Ys-Ltnfis,Ys)ds< / |/(s, L+'*)| ds, 

J (jATn J (jATn 



tAt„ J aAT„ 

it follows from (15.11) that 



KArn\ < \YrJ + 2L+'* + / \f{s,Ltn\ds - / sgn(y, - L+'*)Z, dWs- 

J aATn J crATn 

Conditioning with respect to J>at and then letting n ^ oo we deduce from the above 
that ^ 

\Y^\<E{\^\ + 2Lp*+ [ \f{s,Ltn\ds\Ta), (5.2) 

JQ 

which implies (i). 

By ([52]) and f3l Lemma 6.1], 

EiY^f < (1 - Pr'{E{\^\ + 2Lp* + r \fis, Ltn\ds)y 

Jo 

for every f3 E (0, 1). Therefore (ii) follows from (j2.ip with t = T. □ 

let us note that by Proposition 15. H if {X, Z, K) satisfies (jl.ip and Y ^ T> then 
ZgU/3<i^'' andi^ gU/3<i'5'^- 

Proposition 5.2 Under the assumptions of Proposition [XT] there exists at most one 
solution (y, Z, K) of ( Ii. ij) such that Y 
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Proof. Without loss of generality we may assume that ^ = 0. Let {Y,Z,K), 
(V , Z' , K') be two solutions of (jl.ip . Then from the Ito-Tanaka formula, (H2) and 
the inequality 

sgn(y, - Y^){dKs - dK',) < (5.3) 
it follows that for every t € [0, T], 

\Yt - Yl\ + LO(y - Y') = sgn(y, - Y^){f{s, Y^) - f{s, Y^)) ds 

+ sgn(y, - Y^){dKs - dKi) - sgn(y, - y/)(z, - Z^) dWs 

j\gn{Ys-Y^){Z,-Z',)dWs. 



< 



By using the fact that Y,Y' G V, stopping at t„ = inf{t; \Zs — Z'^^ ds > n} AT 
and then letting n — > oo we deduce from the above that E\Yt — Y^\ = 0, t £ [0, T], i.e. 
y = Y'. Consequently, /^(Z, - Z'J dWs = {Kt - K[), t G [0,r], which implies that 
Z = Z' andK = K' . □ 

Proposition 5.3 Let (Y,Z,K) be a solution of with f not depending on z and 
satisfying (H2), and let {Y' , Z',K') be a solution of 11 -l]) with data /', L' such that 
? < f does not depend on z, f{t, y/) < f'{t, y/) and Lt < L[, t e [0, T] . IfY,Y' £V 
then Yt < y/, t E [0,r]. 



Proof. Assume that /i = and observe that by (|3.ip . (H2) and (|5.3p . 

(Yt - Yl)^ + Il'Hy - Y') = i|y,>y;}(/(s, y.) - y;)) ds 

Jt Jt 

<- j\{Y.>Yn{Zs-Z',)dWs. 

From this as in the proof of Proposition 15.21 we deduce that E{Yt — Y^)^ = 0, t G [0, T], 
i.e. Yt < y/, t G [o,r]. □ 

Theorem 5.4 Assume that f does not depend on z and (H2)"(H4) are satisfied. If 
(y", Z", K"), n&n, is a solution of BSDEs then for every /3 G (0, 1), 

||y"-y||5/3 ^0, ^0, ^o, 

where (Y, Z, K) is a unique solution of the reflected BSDEs U.l\) such that Y ^ T), 
ZgU/3<i^^ andK e[jp^^S^. 

Proof. We may and will assume that = 0. By [3', Proposition 6.4], for every 
n G N there exists a unique solution (y",Z",/C") of BSDE (fTB]) such that ^ G P, 
Z" G IJ/3<i G IJ/3<i '5^- ™ the proof of Proposition 14.31 one can observe 

that 



\Y^\<E[\i\+2L^^*+ [ \f{s,Ltn\ds\T^] 

Jo 



19 



which imphes that for > 0, 

cT 



i?(|y;^ll||y„|>^})<i?((|e| + 2L+'*+ f |/(s,L+'*)|d5)l{|y„|>^}). 

Jo 

Since by Chebyschev's inequahty, hm7v-s>oo sup^ „ P(|yj^[ > A^) = 0, it is clear that 

{yj*; fj stopping time, o" < T, n S N} is uniformly integrable. (5.4) 

Now, as in the proof of Proposition 14.31 one can check that for every (3 € (0,1) there 
exists C > depending only on /u, A, T such that for every n € N, 

E{{Y^'y + {f^ \Z^? dsf^ + < c[Em + Lp* + £ \f{s, L+-*)| ds))^ 

Moreover, arguing as in the proof of Proposition 15.31 shows that 1^" < 1^"^^, n € N, 
t G [0,1]. Therefore for every t € [0,T] there exists Yt such that Y^. By the 

same method as in the proof of Theorem 14.41 we can show that Y is cadlag (the process 
V need not be integrable and we only know that E(Vt)^ < liminf„_^oo £'(V^)'^ < 
2 sup„ £'(y^'*)^). By Fatou's lemma, 

E{[ {Ys - Ls)" ds)^ <limmiE{ [ (y," - L,)" ds)^ = 0, 
Jo Jo 

which implies that Yt > Lt, t G [0,T], and (y" — L)'^'* — > P-a.s. As in the proof of 
Theorem[431we also show that ||y"-y||5,3 0, \\Z"--Z\\^p and \\K''-K\\sp 0, 
where {Y, Z, K) is a solution of such that Y,K £ jj^^^ and Z G |J^^^ . In 
order to complete the proof we have to check that y G 15, but this is an easy consequence 
of (El. □ 



The following corollary may be proved in much the same way as Corollary 14.61 

Corollary 5.5 Under the assumptions of Proposition \5.S\ if moreover L = L' and 
iJ,L andC, f',L satisfy (H3) and (H4), dK^ > dK'^. 

We now consider reflected BSDEs of the form 

Yt = i+ f f{s,Y,,Vs)ds- [ Z,dWs + KT-Kt tG[0,T] (5.5) 
Jt Jt 

and 

y/ = e + r f{s, y,', y,') ds - f z', dWs + k^-K t€ [o, r] , (5.6) 
Jt Jt 

where V, V' are arbitrary progressively measurable processes on the filtered probability 
space {Tt),P). 

Proposition 5.6 Let f satisfy (H2) and let (y, Z, K), {Y' , Z' , K') he solutions of i fOj) . 
( 15. 6)) . respectively, such that Y,Y' gV. Then for every p > 1 there is C > depending 
only on fi, T such that 

\\Y - Y'WsP + \\Z - Z'Wnv < C\\ r |/(s,y„ Vs) - fis,Ys, V:)\ds\\p. 

Jo 
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Proof. Without loss of generality we may and will assume that // = and U = 
Jo Ifi^^^sjVs) — f{s,Ys,Vg)\ds e L^'. Arguing as in the proof of Proposition 15.21 i.e. 
using the fact that Y,Y' G P, stopping at r„ = inf{i; \Zs — Z'J^^ds > n} AT and 
then letting n oo we show that \Yt - Y^ \ < E(U\Tt), t £ [0, T]. Hence, by Doob's 
maximal inequality, 

E{{Y - r')rF) < CpE{U)P. (5.7) 

On the other hand, by the same method as in the proof of Proposition 12.11 one can 
show that for n G N we have 

r \Zs - ds = (y.„ - + 2 r\Ys - Y:){fis, Ys, Vs) - fis, y;, V^)) ds 

Jo Jo 

-2 (y, - Y^){Zs - Z',) dWs + 2 (n - y;)(di^s - dK',). 
Jo Jo 

Since K is increasing only on the set {s :Ys = Lg} and K' is increasing only on the set 

{s : y; = Ls}, 

r{Ys-Y^){dKs-dK',) <0. 
Jo 

On the other hand, by (H2), 

/ (y, - yi)(/(s, Ys, v:) - f{s, y;, v^) ds) < o. 

Jo 

By the above, 

/ \Zs-Z'J^ds = (Yr„-Y;j + 2 / (Ys-Y:){fis,Ys,Vs)-fis,Y,X))ds 
Jo Jo 



Tn 



-2 {Ys-Y^){Zs-Z',)dWs 
Jo 

and hence 

(/ \Zs-zXdsr/' 

Jo 

< c,(|y.„ - y;j + ((y - Yrmr^Huy/' + 1 /"(y. - yi)(z, - dWsi^/') 

Jo 

< c;(((y - YXJ' + {uf + 1 /""(y. - y;)(z, - z'^)dWs\^/'). 

Jo 

Using the Burkholder-Davis-Gundy inequality and letting n — )• oo we conclude from 
the above that 

E{ r \Zs - Z'f dsf'^ < CpE{{{Y - Y'YtY + {Uf). 
Jo 

which together with (j5.7p implies the desired result. □ 

By the arguments from the proof of the above proposition one can obtain similar 
estimates for processes on arbitrary intervals [t, g] C [0,T]. 
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Proposition 5.7 Under the assumptions of Proposition [5751 for every p > 1 there is 
C > depending only on fi, T such that for every < t < q < T , 

\\{Y -Y')^^^]\\s. + \\{Z - Z')^^^]\\n. 

< C{\\Yg - YX + II I' \f{s, Ys, Vs) - fis, Ys, V:)\ ds\\p). 

To deal with generators depending on z we will need the following condition intro- 
duced in [3]: 

(H5) There exist constants 7 > 0, a € (0, 1) and a nonnegative progressively measur- 
able process g such that E{Jq gg ds) < +00 and 

\fit,y,z)- f{t,y,0)\<^{gt + \y\ + \z\r, tG[0,Tiy GR,zeR''. 

Theorem 5.8 Let assumptions (H1)-(H5) hold. Then there exists a unique solution 
(y, Z, K) of the reflected BSDEs fOp such that Y £ V, Z e U/3<i '^^ and K G 

Proof. Our method of proof will be adaptation of the proofs of Theorems 6.2 and 
6.3 in [3j. Assume that /i = 0. First we show that there exist at most one solution. 
Let {Y,Z,K), {Y',Z',K') be two solutions of ^Ji) such that Y,Y' e V and Z,Z' G 
U^^^ H^. Let p > 1 be such that ap < I. Then 

E{ r \f{s, Ys, Zs) - f{s, Ys, Zi)\dsr 
Jo 

< {2^)PTP-'E{ [ {gs + \Ys\ + \Zs\ + K\Y'' ds) < +00 

Jo 

and hence, by Proposition [5]6l E{Jq \Zs — Z'^ dsY^'^ < +00. Moreover, by Proposition 
ESland (HI), 

||y - Y'WsP + \\z- z'WuP < c\\ r |/(s,y, z^) - /(s,y, z',)\ds\\p 

Jo 

< CXT'^/^WZ - Z'WnP ■ 

Therefore, if 2CXT'^/^ < 1 then ||y - y'll^p + l\\Z - Z'\\np < 0, which implies that 
y = y and Z = Z', and consequently, K = K' . If 20X1^/"^ > 1, we divide the interval 
[0,T] into a finite number of intervals with mesh (5 > such that 20X5^^"^ < 1 and 
prove uniqueness by induction by using Proposition 15.71 instead of Proposition 15.61 

Now we are going to prove existence of solutions. Let Z^ = 0. By (H5) and Theorem 
15.41 for each n G N there exists a unique solution (y", Z", /C") of the reflected BSDEs 
(with obstacle L) of the form 

y," = e + r fis, Y^, Zr') ds - r Z^ dWs + K^- K^, t G [0, T] (5.8) 
Jt Jt 
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such that G P, Z" G U/3<i and y",i^" G [j^^iS^. Let p > 1 be such that 
ap < 1. Then by (H5) and Proposition 15.61 

|[yn+i _ Y^sp + 11^"+' - Z^nr < C\\ r \f{s, Z^) - f{s, Y^, Z^-^)\ds% 

Jo 

< 2jT^P~^^/P{E{ [ {g, + \Y^\ + + ds))^'^ < +oo. 

Jo 

Thus, (y"+i - y") G S'f, - Z") G and hence, by elementary calculations, 

G 5P. It follows that (y"-yi) G Sp, (Z^'-Z^) G and {K"--K^) G 5^, 
n G N. As in the proof of uniqueness we first assume that 2C\T^f'^ < 1. By (HI) and 
Proposition 15.61 

||yn+l _ yn|[^^ ^ |[^n+l _ ^n|[^^ < 1 ||^n _ 

for n G N. Hence 

l|y™ - y"ii5P + i|z™ - z"iiwp < 2{^f-^\\z^ - z^Whp 

for all m > n. Consequently, {(y™ — y-"^, — is a Cauchy sequence in 5^ x 71^ 

converging to some process {Y, Z). Since {Y\Z^) £Vx U^<i n^, it follows that 

y" ^ y = y + yi in Z" ^ Z = Z + ZMn /? G (0, l). (5.9) 

Using standard arguments one can also check that for every /3 G (0, 1) the sequence 
{K"'} converges in to some nondecreasing continuous process K and that (Y, Z, K) 
is a solution of the reflected BSDE (11. ip . 

If 2C7Ari/2 > 1 we consider a partition = to < < • • • < tfc = T of the interval 
[0, T] such that ti — ti-i < 6, i = 1, . . . ,k, and 2CX6^^'^ < 1. By arguments from the 
first part of the proof and Proposition 15.71 

||(y"+i - y'^)i[,,_,,r]||5P + ||(z"+i - z")[,,_^,^]||^. 

<c|| r \f{s,Yr,z^)-fis,Y,\zr')\ds\\p 
Jtk-l 

1 1 

which implies that 

||(y- - y")i[i,_„T]ll5P + IK^'" - z«)i[,,_^,^]||«. < 2(i)"-i||(z2 - z')^^_^^T]\\nr 

for all m > n. Accordingly, {(y" - yi)l[t^_^^r], (2'" - Z^)l[t^_^_T]}„gN is a Cauchy 
sequence in iS^ x T-L^. Therefore as in the proof of (j5.9p one can show that there exist 
processes Y^^\ Z^^\K^^'^ such that y"l[i^_^,r] ^ y^'^) in Z'^l[t^_^,r] ^ ^^''^ m TL^ , 

(3 G (0, 1), and (K" - ^ ^^^^ in 5^, /3 G (0, 1). Observe that Y^''^ = ^ 

and 

Y}'^=Y}^l-f f{s,Y^^\zf))ds+ f zf)dWs-Kt\ tG[t,_i,T]. (5.10) 
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By (H5) and Theorem 15.41 for each n G N there exists a unique solution {Y", Z", X") 
of the reflected BSDEs (|5.8p with [0,T] replaced by [0,tjt_i] and ^ replaced by 
Therefore in the same manner as before we can see that there exist processes y^'^^^), 
Zik-i)^ K{k~i) g^^h that ^ yC'-^^ in V, Z^\^^_^^,^_^^ ^ Z^^-D in 

/3 € (0, 1), and (i^" - ^t^_^\tk--,.tk-{\ ^ i^^''"^^ in 5^, ^5 G (0, 1). We continue in this 
fashion to obtain for i = A; — 1, 1 the triple of processes (y»,Z»,iv:W) such that 

Y^=Y!^,-f f{s,YP,z'i))ds+ f Z^UWs-Kf\ te[U-iM- (S-H) 

It is clear that for z = 1, . . . , /c, 

Lt < Yl' -J, y/'^ > Li, [ti-uU] (5.12) 

and 

= r {Yr - Lt) dK^ -> r (y,« - Lt) dxP = 0. (5.13) 
Set YT = i, Zt = Q and 

k 



and observe that Y, Z, K are progressively measurable, y G Z G 'H^, /3 G (0, 1), and 
G 5^, /? G (0, 1), Kq = 0. Moreover, the process Y is continuous, is continuous and 
nondecreasing, and by (|5.10p . (|5.1ip the triple {Y,Z,K) satisfies the forward equation 

Yt = YQ- f f{s, Ys,Zs)ds+ f Zs dWs-Kt, t G [0, T] . 
Jo Jo 

Since y^ = it satisfies the backward equation (1 1.1 1) i as well. Finally, by (15.12p . 
Yt >Lt,te [0,r], whereas by (|5T3]l . 

r{Yt - Lt) dKt = J2 r (Yt'^ - Lt) dK? = 0, 
Jo Jti^i 

i.e. (jl.ip ^ and ([LTJs are satisfied. Thus, the triple (Y, Z, K) is a solution of the reflected 
BSDE ([fl]). □ 

Remark 5.9 Similarly to the case p> 1 (see Remark 14. 7p . if we assume that stronger 
than (H2) condition (I4.12P is satisfied, then in Theorem l5.4l . Corollary 1 5 . 5 1 and Theorem 
15.81 assumption (H4b) may be omitted. 
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